In this paper we propose on continuous level a class of domain decomposition methods of Robin-Robin type to solve the problems of unilateral contact between elastic bodies with nonlinear Winkler covers. These methods are based on abstract nonstationary iterative algorithms for nonlinear variational equations in reflexive Banach spaces. We also provide numerical investigations of obtained methods using finite element approximations.
Introduction
Thin covers from another material are often applied in engineering to improve the functional properties of the surfaces of components of machines and structures. On the other hand, thin covers with certain mechanical properties are used for modeling of real microstructure of the surfaces, adhesion and glue bondings [6, 14, 15] .
The classical methods for solution of contact problems for bodies with thin covers are grounded on integral equations and are reviewed in work [15] . Nowadays, one of the most effective numerical methods for such contact problems are methods, based on variational formulations and finite element approximations.
Efficient approach for solution of multibody contact problems is the use of domain decomposition methods (DDMs). Many DDMs for contact problems without covers are obtained on discrete level [3, 16] . Among DDMs, proposed on continuous level for contact problems without covers are methods presented in [1, 9, 12] . Domain decomposition methods for solution of problem of ideal contact between two bodies, connected through nonlinear Winkler layer are proposed in [2, 8] . These methods are based on saddle-point formulation and conjugate gradient methods.
In current contribution we consider the problem of unilateral contact between bodies with nonlinear Winkler covers. We give variational formulations of this problem in the form of nonlinear variational inequality on convex set and variational equation in the whole space, and present theorems about existence and uniqueness of their solution. Furthermore, we propose on continuous level a class of parallel domain decomposition methods for solving the nonlinear variational equation, which corresponds to original contact problem. In each iteration of these methods we have to solve in a parallel way linear variational equations in separate bodies, which are equivalent in a weak sense to linear elasticity problems with Robin boundary conditions on possible contact areas. These DDMs are based on abstract nonstationary iterative methods for variational equations in Banach spaces. They are the generalization of domain decomposition methods, proposed by us earlier in [4, 5, 10] for unilateral contact problems without covers. Some particular cases of proposed DDMs can be viewed as a modification of semismooth Newton method [7] . The numerical analysis of obtained DDMs is made for plane contact problems using finite element approximations.
Statement of the problem
Consider a unilateral contact of N elastic bodies Ω α ⊂ R 3 with piecewise smooth boundaries Γ α , α = 1, 2, ..., N (Fig. 1a) . Suppose that across each contact surface there is a nonlinear Winkler layer. Denote Ω = N α=1 Ω α . A stress-strain state in point x = (x 1 , x 2 , x 3 ) ⊤ of each solid Ω α is described by the displacement vector u α = u α i e i , the tensor of strainsε ε ε α = ε α ij e i e j and the tensor of stressesσ σ σ α = σ α ij e i e j . These quantities satisfy the following relations:
where f α i are the components of volume forces vector f α = f α i e i , and C α ijkl are symmetric elasticity constants, which are bounded in the following sense:
Introduce on boundary Γ α a local orthonormal coordinate system ξ ξ ξ α , η η η α , n α , where n α is an outer unit normal. Then the vectors of displacements and stresses on Γ α can be written in the following way:
Suppose, that the boundary Γ α consists of three disjoint parts:
homogenous Dirichlet boundary conditions are prescribed, and on the part Γ σ α we consider Neumann boundary conditions:
The part S α = β∈Bα S αβ , β∈Bα S αβ = ∅ is the possible contact area of body Ω α with the other bodies. Here S αβ is the possible unilateral contact area of body Ω α with body Ω β , and B α ⊂ {1, 2, ..., N } is the set of the indices of all bodies in contact with body Ω α . We assume that the surfaces S αβ ⊂ Γ α and S βα ⊂ Γ β are sufficiently close (S αβ ≈ S βα ), and n α (x) ≈ −n β (x ′ ), x ∈ S αβ , x ′ = P (x) ∈ S βα , where P (x) is the projection of point x on S αβ . Let
and Ω β before the deformation. We suppose that possible contact areas S αβ and S βα , β ∈ B α , α = 1, ..., N have nonlinear Winkler covers. Total compression w αβ of these covers is related with normal contact stress as follows:
′ ∈ S βα , where g αβ is given nonlinear continuous function, which satisfy the next conditions:
On possible contact zones S αβ , β ∈ B α , α = 1, 2, ..., N we consider the following unilateral contact conditions through nonlinear Winkler layers:
[ 
In space U 0 consider the closed convex set of all displacements, which satisfy nonpenentration contact conditions:
where
00 (Ξ α ). Let us introduce bilinear form A(u, v), such that A(u, u) represents the total elastic deformation energy of the bodies, linear form L(u), which is equal to external forces work, and nonquadratic functional H(w), which represents the total deformation energy of nonlinear Winkler layers:
.., N . We have shown, that if condition (4) holds then bilinear form A is symmetric, continuous and coercive, and nonquadratic functional H is Gateaux differentiable:
Theorem 1. Suppose that conditions (4), (6) , (7) hold. Then problem (1)- (3), (5), (8)- (11) has an alternative weak formulation as the following minimization problem:
Moreover, there exists a unique solution of problem (17) , and this problem is equivalent to the following nonlinear variational inequality on set K:
Except this variational formulation, we also have proposed another weak formulation of original contact problem in the form of nonlinear variational equation.
Let us introduce the following nonquadratic functional in space V 0 :
We have shown that if conditions (6) and (7) hold, then Gateaux differential J ′ (u, v) satisfies the following properties:
These properties helped us to prove the next theorem. (5) , (8) with the following nonlinear boundary value conditions on the possible contact areas:
Theorem 2. Suppose that conditions (4), (6) and (7) hold. Then the contact problem (1)-(3), (5), (8)-(11) is equivalent to problem (1)-(3),
and it is equivalent in weak sense to the next nonquadratic minimization problem:
Moreover, problem (25) has a unique solution and is equivalent to the next nonlinear variational equation in space V
0 : F ′ 1 (u, v) = A (u, v) + J ′ (u, v) − L (v) = 0, ∀ v ∈ V 0 , u ∈ V 0 .(26)
Nonstationary iterative methods
In reflexive Banach space V consider an abstract nonlinear variational equation
where Φ : V × V → R is a functional, which is linear in v, but nonlinear in u, and Y : V → R is linear continuous form. For numerical solution of (27) consider the next nonstationary iterative method [5, 11] :
where G k : V × V → R are some given bilinear forms, γ k ∈ R are iterative parameters, and u k ∈ V is the k -th approximation to the exact solution of problem (27). Theorem 3.
[5] Suppose that functional Φ satisfies the following properties:
Then nonlinear variational equation (27) 
where {u k } ⊂ V is obtained by iterative method (28).
Domain decomposition schemes
Now let us apply nonstationary iterative method (28) for solving nonlinear variational equation (26), which corresponds to original contact problem. This equation can be written in form (27), where
, and iterative method (28) applied to solve (26) rewrites as follows:
Note, that in general case iterative method (34) does not lead to domain decomposition. Let us propose such variants of this method, which involve the domain decomposition. At first, let us take bilinear forms G k in method (34) as follows:
are the second subdifferentials of functionals F 1 and J in point u k ∈ V 0 . In the case when γ k = 1, k = 0, 1, ... , iterative method (34) with bilinear forms (35) corresponds to semismooth Newton method for variational equation (26). However, this method does not lead to domain decomposition. Now, let us take bilinear forms G k in the following way:
Then iterative method (34) with bilinear forms (37) can be written in such way:
Since the common quantities of the subdomains are known from the previous iteration, variational equation (39) splits into N separate equations in subdomains Ω α , and iterative method (39)-(40) can be written in the following equivalent form:
In each iteration k of method (41)-(42), we have to solve N linear variational equations (41) in parallel, which correspond to linear elasticity problems in separate bodies Ω α with Robin boundary conditions on possible contact areas. Therefore, this method refers to parallel Robin-Robin type domain decomposition schemes.
By taking different characteristic functions ψ 
Numerical investigations
Numerical investigations of proposed DDMs have been made for plane problem of unilateral contact between two isotropic bodies Ω 1 and Ω 2 , one of which has a groove (Fig. 1b) . The bodies are uniformly loaded by normal stress with intencity q = 10 MPa. Each body has length l = 4 cm and height h = 1 cm. The Young's moduli and Poisson's ratios of the bodies are the same:
⊤ : x 1 ∈ [0, l], x 2 = h . Across possible contact area S 12 there is a nonlinear Winkler layer. The relationship between normal contact stresses and displacements of this layer are described by the following power function:
, where parameters B and a are taken from the intervals B ∈ [ 10
For such choice of these parameters the nonlinear Winkler layer models a roughness of the possible contact surface [6] .
This problem has been solved by DDM (41)-(42) with stationary iterative parameters γ k = γ, ∀ k and characteristic functions ψ 
2 is discrete norm, x j ∈ S 12 are finite element nodes on the possible contact area, and ε u > 0 is relative accuracy. Thus, we conclude, that the best convergence rate reaches if γ = 0.6. The convergence rate is good if γ ∈ [ 0.1, 0.9 ]. However, it becomes slow when γ is close to 0 or to 1. For γ = 0.98 the method is still convergent, but the convergence becomes nonmonotone. For γ ≥ 0.99 the method is not anymore convergent.
At Fig. 2b the normal contact stress σ 1n = σ 2n , obtained by DDM (41)-(42) for B = 10 −5 cm/(MPa) a and different values of parameters a is represented.
Curves 1-4 correspond to numerical solution for a = 0.3, 0.6, 0.8, 1. Dashed curve represents the analytical solution, obtained in [13] for contact of two halfspaces without nonlinear layer. Here we conclude, that for small values of a (a ≤ 0.3) the influence of nonlinear layer on the contact behavior is not so large and the numerical solutions are close to the solution without layer. However, for larger values of a (a ≥ 0.5) the influence of nonlinear layer becomes more significant and can not be neglected.
The positive feature of proposed domain decomposition methods are the simplicity of their algorithms. These methods have only one iteration loop, which deals with domain decomposition, nonlinearity of Winkler layers and contact conditions.
